Abstract. We develop an obstruction theory for answering the following question. Given a spectrum E with certain nice properties and a commutative E * -algebra A in E * E-comodules, is there a commutative S-algebra X with E * X ∼ = A?
k-invariants
Let X be a 1-connected space. We usually think of the n'th k-invariant as a map P n−1 X → K(π n X, n + 1) with P n X as the homotopy fiber. If we know all the k-invariants of X we can recontruct X as the inverse limit of its Postnikov tower. We wish to adapt this theory to build commutative S-algebras.
There are two main points we need to address when setting up the theory. First, Postnikov towers for ring spectra work best when the spectra have no negative homotopy groups. But many of the spectra we are interested in have lots of negative homotopy groups. We finesse this problem by introducting an additional simplicial direction and building our Postnikover tower in that direction.
Second, we cannot obtain the n'th stage simply as the homotopy fiber of a map from the (n−1)'st stage. This complication happens for spaces as well. If X is not 1-connected, we are forced to instead think of the k-invariant as a map P n−1 X → K(π n X, n+1)× π1X Eπ 1 X making the following diagram into a homotopy pullback square:
The idea of the obstruction theory is to set up a situation where our commutative S-algebra X (if it exists) is the inverse limit of its Postnikov sections P n X and such that the existence or nonexistence of the correct k-invariant for building P n X from P n−1 X can be calculated algebraically.
Let E be a homotopy commutative ring spectrum satisfying certain technical conditions. Given a commutative E * -algebra A in E * E-comodules, we want to build a commutative S-algebra X with E * X ∼ = A as comodule algebras. We put the following technical conditions on E:
(1) E * E should be flat over E * . We need this for the category of E * E-comodules to be well behaved. (2) E should satisfy the Adams condition: E = holim E α , where each E α is a finite cellular spectrum such that E * DE α is projective over E * and such that the natural map
This condition is necessary to guarantee that E has a Künneth spectral sequence.
Instead of simply asking for the existence of such an X, we can try to understand the realization category of all such X. An object in R(A) is a commutative S-algebra X with E * X ∼ = A as comodule algebras, and a morphism in R(A) is a map X → X ′ of commutative S-algebras inducing an isomorphism E * X ∼ = E * X ′ as comodule algebras.
Note that the isomorphism E * X → A is not part of the data. This builds the automorphisms of X into the category. We can then consider the moduli space BR(A), which is the geometric realization of the nerve of the category R(A). By a theorem of Dwyer and Kan [1] ,
where X runs over the E * -isomorphism classes of objects in BR(A) and Aut(X) is the monoid of self equivalences of a cofibrant-fibrant model for X.
The question becomes "is BR(A) nonempty?" As a typical example, indeed the main example, we can let E = E n be the n'th Morava E-theory spectrum. This is the spectrum associated to the universal deformation ring of a height n formal group law over a perfect field k as discussed in the previous chapter. To be specific, one often considers the height n Honda formal group law over F p n , though the obstruction theory works just as well in the more general situation. By the Lubin-Tate theorem, the ring of universal deformations of such a formal group law is isomorphic to
where W(k) denotes the Witt vectors over k. Then the Landweber Exact Functor Theorem tells us that we can construct a 2-periodic spectrum E n with
with |u| = 2. It is not too hard to show that E n is a homotopy commutative ring spectrum. Thus this is an appropriate starting point.
Simplicial operads
We will attempt to construct X as an algebra over some E ∞ operad, using that E ∞ -ring spectra are equivalent to commutative S-algebras. If O is an E ∞ operad, it is hard to understand the set of maps
To get around this problem, we introduce a simplicial direction. Let T be a simplicial operad, i.e., a sequence {T n } n≥0 of operads connected by the usual structure maps of a simplicial object. We will assume that
For each k the geometric realization |n → T n (k)| is equivalent to EΣ k , i.e., a contractible space with a free Σ k -action.
For example, we can let
Now we can conider the category of T -algebras in spectra. An object in T -alg is a simplicial spectrum X • such that each X n is a T n -algebra. It follows that |X • | is a |T |-algebra spectrum, or in other words an E ∞ ring spectrum.
Suppose we have a simplicial spectrum X • . Then we get a simplicial graded abelian group E * X • = {n → E * X n } n≥0 , and we can use the simplicial structure maps to define the homotopy groups π * E * X • of this object. Note that even though each E * X n might be nonzero in negative degrees, π i E * X • is only defined for i ≥ 0. This simplicial direction will be our Postnikov tower direction.
Recall that A is a commutative E * -algebra in E * E-comodules. Let R ∞ (A) be the realization category corresponding to the above setup. An object is a simplicial spectrum X • ∈ T -alg such that
The morphisms are maps which induce an isomorphism after applying π * E * (−). Let BR ∞ (A) be the geometric realization (in the nerve direction, not the other simplicial direction) of the nerve of this category. [3] ) Geometric realization and the constant simplicial spectrum functors gives a weak equivalence BR ∞ (A) ⇆ BR(A).
Theorem 2.1. (Goerss-Hopkins

The spiral exact sequence
Given a simplicial spectrum like E ∧ X • we can define two types of bigraded homotopy groups. Type I, which is the one we discussed above, defined as
and type II, which uses the simplicial sphere ∆ p /∂∆ p , defined as
As usual, we have a spectral sequence
This spectral sequence comes from the skeletal filtration of X • . If we package the spectral sequence as an exact couple, the D 2 and E 2 terms of the exact couple form a long exact sequence called the spiral exact sequence:
See [2] for more on how to construct the spiral exact sequence. This is where we use that E satisfies Adams' condition. If X ∈ BR ∞ (A) then every third term in the above long exact sequence is zero, and so π p, * E ∧ X ∼ = Ω p A for all p ≥ 0.
Building BR ∞ (A) inductively
Now we make the following definition. Let BR n (A) be the nerve of the category with objects X ∈ T -alg with π p, * E ∧ X ∼ = Ω p A if p ≤ n and 0 otherwise. It is with respect to this type of homotopy groups that the category of T -algebras has Postnikov sections. Given a T -algebra X it is possible to construct a new T -algebra P n X with π i, * P n X ∼ = π i, * X if i ≤ n and 0 otherwise by gluing on algebra cells, and similarly after smashing with E.
We say that X is a potential n-stage for A if
and π i, * E ∧ X = 0 for i > n. The spiral exact sequence then implies that If we have an A-module M in E * E-comodules, we get an object B A (M, n) with type II homotopy A in degree 0, and M in degree n. On the algebra side, we can construct K A (M, n) = K(M, n) ⋊ A.
